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The exact solubility of the Kitaev-type spin honeycomb lattice model was proved by means of a
Majorana fermion representation or a Jordan-Wigner transformation while the explicit form of the
anyon in terms of Pauli matrices became not transparent. The nonabelian statistics of anyons and
the fusion rules can only be expressed in indirect ways to Pauli matrices. We convert the ground
state and anyonic excitations back to the forms of Pauli matrices and explicitly demonstrate the
nonabelian anyonic statistics as well as the fusion rules. These results may instruct the experimental
realization of the nonabelian anyons. We suggest a proof-in-principle experiment to verify the
existence of the nonabelian anyons in nature.
PACS numbers: 75.10.Jm,03.67.Pp,71.10.Pm
Introduction The Kitaev-type spin honeycomb lattice
models have attracted many research interests for the
possible nonabelian anyonic excitations in these exactly
soluble two-dimensional models [1]. There are two topo-
logical phases for these kinds of models. The topologi-
cally trivial A phase is an abelian anyon phase which is
equivalent to that in Kitaev’s toric code model [2]. The
topologically nontrivial B phase is within the same uni-
versality class of the Moore-Read Pfaffian states in the
fractional quantum Hall state [3, 4] and the vortex exci-
tations are nonabelian anyons [3, 5, 6].
In solving these kinds of models, a key technique is the
usage of the Majorana fermion representation of the spin-
1/2 operators, either via Kitaev’s Majorana fermions or
the Jordan-Winger transformation [7, 8, 9]. However, the
shortcoming to introduce these Majorana fermions is that
the ground state and the elementary excitations are hard
to be expressed by the original spin operators, i. e., Pauli
matrices. Then the nonabelian fusion rules and statistics
may not be directly shown in Pauli matrices’ language
[10]. Meanwhile, experimentally exciting, manipulating
and detecting anyons may be more practical by using
the spin operators, as recently suggested or done for the
toric code model [11, 12, 13, 14, 15, 16, 17] and for the A
phase of Kitaev honeycomb model [18, 19]. Therefore, to
explicitly demonstrate the nonabelian anyonic statistics,
one needs to express the ground state and elementary
excitations in the spin operators. Chen and Nussinov [9]
have studied a real space form of the ground state of the
Kitaev honeycomb model and applied it to the A phase
with abelian anyons. However, for the more interesting
B phase, it was not figured out yet.
In a recent work, one of us, with Wang, has provided
a generalized model of the Kitaev honeycomb model by
adding three- and four-spin couplings [4, 20]. With this
generalized Kitaev-type model, we showed the equiva-
lence between the B phase with the breaking of the time
reversal symmetry and the Moore-Read Pfaffian state. In
that work, we map the model in the honeycomb lattice
to a spinless fermion model in a square lattice. The task
of the present paper is mapping back the ground state
and anyonic(vortex) excitations obtained in the square
lattice to their honeycomb lattice version.
After writing down these states in spin operators, i.e.,
Pauli matrices, we can check the nonabelian statistics of
anyons and fusion rules of the excitations. As expected,
these results agree with those in the previous abstrac-
tive study in Kitaev’s original work [1]. Moreover, these
explicit forms with well-known Pauli matrices may help
the readers who are not in this special field to understand
those formal descriptions made by Kitaev. It may also
instruct the experimentalists to realize these states and
verify the existence of the nonabelian anyons in nature.
Similar to the case of the abelian anyons in the toric code
model [14, 16, 17], we may also expect to excite, manip-
ulate and detect the nonabelian anyons in atomic spin
systems in optical lattice. We may design a proof-in-
principle experiment to show the existence of nonabelian
anyon in nature by means of the techniques proposed and
developed recently in the photon graph state [11, 12, 13],
and a nuclear magnetic resonance system [15]. The min-
imal lattice needs only six sites, which is accessible to
the current experiments, as several experimental groups
have done to the toric code model [12, 13, 15].
Model and ground state We consider a Kitaev-type spin
model in a honeycomb lattice with a three- and four-spin
couplings [4, 20]
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where σx,y,z are Pauli matrices, x-,y-,z-links are shown
2in Fig. 1, ′w′ and ′b′ label the white and black sites of
lattice, and ex, ey, ez are the positive unit vectors, which
are defined as, e.g., ea1a2 = ez, ea2a3 = ex, ea6a1 = ey.
Jx,y,z, κ and λx,y are tunable real parameters. This is a
system with the breaking of the time-reversal symmetry.
There is a Z2 gauge symmetry generated by
WPa = σ
x
a1σ
y
a2σ
z
a3σ
x
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y
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z
a6 (2)
where Pa labels a plaquette (see Fig. 1). That is,
[H,WPa ] = 0.
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FIG. 1: The honeycomb lattice and plaquette. The thick links
define Aj and also the proof-in-principle configurations.
We first recall how to work out the ground state of
this model. The first step is introducing the Majorana
fermion representation of the spin operators σa [1] or em-
ploying the Jordan-Wigner transformation [7, 8, 9]. For
convenience, we use the Jordan-Wigner transformation
ψiw = σ
y
iw
∏
i′s<iw
σzi′s , ψib = σ
x
ib
∏
i′s<ib
σzi′s ,
biw = −σ
x
iw
∏
i′s<iw
σzi′s , bib = −σ
y
ib
∏
i′s<ib
σzi′s (3)
where i lables a z-link and ψis and bis are Majorana
fermions which satisfy ψisψjt = −ψjtψis , bisbjt = −bjtbis
for is 6= jt; and ψ
2
is
= b2jt = 1. ψis and bjt are also anti-
commutative. The order of the sites is defined as follows:
is > jt if the zig-zag horizontal line that is belongs to is
higher than that of jt or if is is on the right hand of jt
when they are in the same line.
After this Jordan-Wigner transformation, the Hamil-
tonian reads
H = −iJx
∑
x−links
ψwψb − iJy
∑
y−links
ψbψw
− Jz
∑
z−links
bwbbψbψw − κ
∑
b
bbbb+ezψbψb+ez+ex
− κ
∑
w
bw+exbw+ex+ezψwψw+ex+ez (4)
− iλy
∑
b
bbbb+ezbb+ez+ey bb+ez+ey+ezψbψb+ez+ey+ez
− iλx
∑
b
bbbb+ezbb+ez+exbb+ez+ex+ezψbψb+ez+ex+ez .
According to Lieb’s theorem [21], the ground state of
the system is Z2 vortex free state. This means that
ibbbb+ez = 1 in the ground state sector. Following the
track in refs. [4, 9], finally, the Hamiltonian in the ground
state sector is given by
H0 = Jz
∑
i
(d†idi − 1/2) + iκ
∑
i
(didi+ex + d
†
id
†
i+ex
)
+J˜x(d
†
idi+ex − did
†
i+ex
) + J˜y(d
†
idi+ey − did
†
i+ey
) (5)
+λx
∑
i
(d†i+exd
†
i − di+exdi) + λ˜y
∑
i
(d†i+eyd
†
i − di+eydi)
where J˜x,y =
Jx,y−λx,y
2 and λ˜x,y =
Jx,y+λx,y
2 . The spin-
less fermion di =
1
2 (ψiw + iψib) is located at the z-link
and all z-links form a square lattice. Taking λx + Jx = 0
and λ˜y = κ, this Hamiltonian describes a px + ipy-wave
pairing state in this square lattice. As we have shown,
the phase diagram consists of two phases: the topologi-
cally trial A phase and non-trivial B phase. The phase
boundary is the lines:Jz± J˜x∓ J˜y if we restrict to Jz > 0
and J˜x,y > 0. The A phase is an abelian anyon phase
which is equivalent to that in the toric code model, which
was studied before [1, 9]. If we do not consider the high
energy Majorana fermion excitation, the effective Hamil-
tonian of the A phase in the honeycomb lattice reads [1]
Heff = −Jeff (
∑
P
WP +
∑
z−links
Aj), (6)
where Aj = ψ1ψ3ψ6ψ4 (see Fig. 1) with λx,y = κ = 0
and Jeff =
J2xJ
2
y
16J3z
for Jx,y ≪ Jz. One may directly check
that the ground state is given by
|GA〉 ∝
∏
j
(1 +Aj)
∏
P
(1 +WP )|φ〉, (7)
because WP |GA〉 = Aj |GA〉 = |GA〉 with |φ〉 = | ↑ · · · ↑〉
a reference state. Here the Majorana fermion excitations
have a high energy 2Jz and has been neglected. This
Hamiltonian has a Z2 × Z2 gauge symmetry generated
by WP and Aj with A
2
j = W
2
P = 1 and [Aj ,WP ] =
0. We know that Aj and WP are corresponding to the
’electric charge’ and ’magnetic charge’ in the toric code
model. The low energy excitations have Aj = −1 or
WP = −1, which are e and m vortices in the toric code
model and obey the mutual semion statistics [1]. It was
noted that the fermion excitations may not be ignored in
some braiding processes [19] and there is a controversy
to this matter recently [22].
In the B phase, we do not have a conserved ’electric
charge’ Aj . Since the ground state sector in the continu-
ous limit is a px+ ipy-wave BCS theory, the ground state
in the square lattice may be written down, which is [4]
|GB〉 = (
∑
i6=i′
1
zj − zj′
d†jd
†
j′ )
N/2 = Pf(
1
zj − zj′
)
∏
l
d†l |0〉(8)
3where zj = jx+ijy is a complex number with j = (jx, jy)
the lattice site label. The vacuum state |0〉 is defined
by dj |0〉 = 0 while the state |D〉 =
∏
i d
†
i |0〉 satisfies
d†j |D〉 = 0 because the square lattice is filled. The vac-
uum state has been written back in terms of Pauli matri-
ces [9], which is given by |0〉 ∝
∏
j(1−Qj)
∏
P (1+WP )|φ〉
due to dj(1−Qj) = 0 where Qj = iψjwψjb . 1 +WP fac-
tor is introduced becauseWP (1+WP ) = 1+WP ensures
the vortex free of the ground state, i.e.,WP |GB〉 = |GB〉.
Because of d†j(1+Qj) = 0, d
†
j |D〉 = 0, which is equivalent
to Qj |D〉 = |D〉. Therefore,
|D〉 ∝
∏
j
(1 +Qj)
∏
P
(1 +WP )|φ〉. (9)
Excitations AMajorana fermion excitation on the ground
state is given by ψjs |GA,B〉. Due to [WP , ψjs ] = 0,
ψjs |GA,B〉 is also a vortex free state. According to the
original Hamiltonian, the energy cost to excite a Majo-
rana fermion is given by
Eψ − Eg = 〈GA,B|ψjs |H |ψjs |GA,B〉 − Eg = 2Jz, (10)
whereEg is the ground state energy. Note that ψib relates
to ψiw by ψib |GB〉 = −iψiw |GB〉.
We are now going to create the vortex excitations
which are defined by WPσP |GA,B〉 = −σP |GA,B〉 and
WP ′σP |GA,B〉 = σP |GA,B〉 for P
′ 6= P . Two operators
obey these requirements:
σ
(1)
P = σ
z
ibσ
z
ib−2σ
z
ib−4 · · · , σ
(2)
P = σ
y
ib
σzib−1σ
z
ib−3 · · · .(11)
The vortex is located at the plaquette P with ib being
its ’a1’ (See Fig. 1). The sites ib − 1, ib − 2, · · · are also
marked in Fig. 1. One may also define a vortex at the
same plaquette through σ˜
(1)
P = σ
z
iw
σziw−2σ
z
iw−4
· · · and
σ˜
(2)
P = σ
x
iw
σziw−1σ
z
iw−3
· · ·.
Creating a single vortex costs an infinite energy, e.g.,
in the B phase
〈GB|σ
(1)
P |H |σ
(1)
P |GB〉 = Eg + 2(Jx + Jy)(ib − (−∞)).(12)
Therefore, it is impossible to excite a single vortex. How-
ever, exciting a pair of vortices spends finite energy which
is dependent on the difference of the site labels of two
vortices, e.g., two adjacent vortices (σzibσ
z
ib−2
σzib−4 · · ·) ·
(σzib+2σ
z
ib
σzib−2 · · ·) = σ
z
ib+2
, which costs energy 4(Jx +
Jy). In the A phase, the energy cost of a pair of σ
(1) is
2Jeff , which is much lower than the energy cost to ex-
cite ψ as Jz ≫ Jx,y. Exciting pairs σ
(1)
P σ
(2)
P ′ and σ
(2)
P σ
(2)
P ′
costs energy 2(2Jeff + Jz) and 4(Jeff + Jz), which are
also the high energy excitations.
Fusion rules To see nonabelain anyonic fusion rules, we
focus on the B phase to study the fusion rules. Since
ψ2is = 1, the fusion rule of the Majorana fermions is ψ ×
ψ = 1. For the vortex excitations, one has
σ
(1)
P · σ
(1)
P = 1, σ
(2)
P · σ
(2)
P = 1, σ
(1)
P · σ
(2)
P ∝ ψib ,
ψib · σ
(1)
P ∝ σ
(2)
P , ψib · σ
(2)
P ∝ σ
(1)
P . (13)
Define two vortex operators σP = ασ
(1)
P +βσ
(2)
P and σ
†
P =
α∗σ
(1)
P +β
∗σ
(2)
P , which obey σPσ
†
P = |α|
2+ |β|2+ i(αβ∗−
α∗β)ψib . We can not distinguish vortex pairs σPσP ′ ,
σ†Pσ
†
P ′ , σPσ
†
P ′ and σ
†
PσP ′ because they are energetically
degenerate. This means the equivalence between σP and
σ†P and the fusion rule for the vortices is σ × σ = 1 + ψ.
On the other hand, the paired vortices are described by
a Pfaffian wave function [3, 4]
Pf
[
(zj − ziP )(zj′ − ziP ′ ) + (j ↔ j
′)
zj − zj′
]
, (14)
no matter what kind two vortices are. This also implies
the equivalence between σP and σ
†
P . Summarily, the fu-
sion rules in the B phase are
ψ × ψ = 1, σ × σ = 1 + ψ, ψ × σ = σ. (15)
These nonabelian fusion rules are the same as those in
the Ising model. All fusions cost energy in the same order
as that to create a ψ and a pair of vortices.
Braiding matrix The Majorana fermions are anti-
commutative which gives Rψψ1 = −1. To see the braiding
matrix elements for the vortices, we rotate vortices coun-
terclockwise. In the B phase, we consider two vortices at
P2 and P3 in Fig. 1. We have two ways to rotate them.
One way is moving the vortex at P2 to P1 first, then mov-
ing the vortex at P3 to P2, and moving that at P1 to P3
(See Fig. 2(up panel)). This exchanges two vortices and
the three steps is given by acting σyjb · σ
z
jb
· σxjb in turn
on σP2σP3 |GB〉. A single σ
x,y action means, while one
vortex is moving, (say σP2 → σP1) another one, say σP3 ,
becomes σ′P3 = ψ×σP3 . Thus, this exchange is accompa-
nied by non-trivial fusions or creation and annihilation
of the Majorana fermions and then the braiding matrix
element is denoted by Rσσψ = σ
y
jb
σzjbσ
x
jb
= i. Rotating
vortices clockwise, we have Rσσψ
−1 = σxjbσ
z
jb
σyjb = −i.
This also means Rσψσ = R
ψσ
σ = −i. Another way
to exchange two vortices are moving the vortex at P2
to P1 and that at P3 to P4 simultaneously, then mov-
ing that at P1 to P3 and P4 to P1 in the same time
(See Fig. 2(low panel)). This exchange corresponds
to σxjwσ
y
jb
σxjbσ
y
jw
σP2σP3 |GB〉 = σ
z
jwσ
z
jb
σP2σP3 |GB〉 =
σP2σP3 |GB〉 since σ
z
jb
σzjw |GB〉 = |GB〉. Simultaneous
σyjw and σ
x
jb
action creates two Majorana fermions ψjb
and ψjw but the relation iψjwψjb |GB〉 = |GB〉 means no
fermion is created at any stage [19]. This defines a braid-
ing matrix element Rσσ1 = 1 to exchange. Therefore, the
nonabelian braiding matrix for the B phase is given by
Rψψ1 = −1, R
σσ
1 = 1, R
σψ
σ = R
ψσ
σ = −i, R
σσ
ψ = i. (16)
Here we do not put in the abelian phase factor e−ipi/8
which comes from the Pfaffian (14). Restoring this phase
factor, one has Rσσ1 = e
−ipi/8 and Rσσψ = e
i3pi/8 and the
braid matrix are the same as that of the Ising model
[1, 5, 6].
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FIG. 2: Exchange of the vortices. ’−’ at a plaquette labels a
vortex. Pauli matrix above the filled arrow means the hermi-
tian rotation operator acting on the white site ’5’ while below
the filled arrow means the operator acting on the black site
’2’. Up panel: The exchange leads to a phase factor i for the
B phase. Low panel: a bosonic exchange for the B phase. In
the A phase, the up panel is forbidden .
Experimental implications Recently, there are several
proposals to excite, operate and observe the abelian
anyons in the toric code model. Most of them are based
on the atoms or molecules in optical lattice [14, 16, 17,
18, 19]. Since the nonabelian braiding matrix (16) is not
related to the Pfaffian factors in eqs. (8) and (14), all
the states involved in do not have the site-dependent co-
efficients if we neglect the Pfaffians. Thus, all techniques
applied to the toric code model may be employed to the
present model. For example, load cold atoms in a hon-
eycomb optical lattice and manipulate an ancillary atom
as proposed in Ref.[16].
We can also design a possible proof-in-principle exper-
iment to the nonabelian anyons by using the systems
to prove the abelian anyons in the toric code model
[11, 12, 13, 15]. As Han et al designed a scheme to
demonstrate the abelian anyons in the toric code model,
the minimal lattice needed to rotate or exchange two vor-
tices are six sites connected, e.g., by the the thick links
in Fig. 1. For this minimal lattice, we prepare the state
|D〉
|D〉 ∝ (1 + σy2σ
z
3σ
z
4σ
y
5 )(1 + σ
z
1σ
y
2σ
z
4σ
x
5 )(1 + σ
x
2σ
y
5σ
z
6σ
z
3)
(1 + σy1σ
x
3 )(1 + σ
x
4σ
y
6 )|φ〉. (17)
This is an entangled state of 28 pure states and a bit
complicated to be prepared experimentally but is still
accessible. The two vortices state may be given by,
e.g., σz2 |D〉 which creates two vortices at P2 and P3
because {σz2 , σ
z
1σ
y
2σ
z
4σ
x
5} = {σ
z
2 , σ
x
2σ
y
5σ
z
6σ
z
3} = 0 and
[σz2 , σ
y
1σ
z
2σ
x
3 ] = 0. Two exchanges described before,
σx5σ
y
2σ
x
2σ
y
5 and σ
y
2σ
z
2σ
x
2 , result in the signs±, respectively.
A full nonabelian two vortices includes a Pfaffian factor
(14), which contributes an abelian phase factor. We do
not know if it is possible or not to prepare such a state.
Fortunately, to see the nonabelian braiding matrix (16),
one needs to simply act a two vortex operator on |D〉 and
check those two different exchanges are enough.
Conclusions We have converted the ground state and
elementary excitations from the fermionic representation
in a square lattice to the original spin representation in
the honeycomb lattice for the Kitaev-type model. Pauli
matrix version of these states leads to an explicit demon-
stration to the non-abelian statistics of anyons in this
model. We showed the nonabelain fusion rules and cal-
culated the non-abelian braiding matrices. We proposed
a proof-in-principle experiment to create, manipulate and
detect the nonabelain anyons in nature.
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